The quasienergy band structure of an excitation in a regular lattice system is the spectral signature of the underlying lattice geometry. Here we study the formation of exotic quasienergy bandlike structures that follow not only from the lattice geometry alone, but also from the spatial characteristics of the excitation. The shape of the band structure associated with the excitation can be designed with features beyond what can be achieved by merely modifying the geometry of the regular lattice. These exotic spectral signatures are unstable and therefore of transient nature. The feasibility of observing this phenomenon in a simple setup consisting of a classical laser beam propagating along a regular array of evanescently coupled photonic nonlinear waveguides is discussed. We consider a honeycomb ribbon in which the transverse distribution for the laser beam is analyzed as a collective excitation.
The quasienergy band structure of an excitation in a regular lattice system is the spectral signature of the underlying lattice geometry. Here we study the formation of exotic quasienergy bandlike structures that follow not only from the lattice geometry alone, but also from the spatial characteristics of the excitation. The shape of the band structure associated with the excitation can be designed with features beyond what can be achieved by merely modifying the geometry of the regular lattice. These exotic spectral signatures are unstable and therefore of transient nature. The feasibility of observing this phenomenon in a simple setup consisting of a classical laser beam propagating along a regular array of evanescently coupled photonic nonlinear waveguides is discussed. We consider a honeycomb ribbon in which the transverse distribution for the laser beam is analyzed as a collective excitation.
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I. INTRODUCTION
Designing systems with nontrivial band structures has become an issue of interest because it holds the promise of providing new environments for realizing new physical phenomena [1] . For discrete models arising from tight-binding approximation, two main strategies can be distinguished for this purpose. One is directly modifying the geometry of the lattice system and the other is modifying the characteristics of the lattice sites. Examples regarding manipulation of the geometry are, for instance, the formation of fractal band structures observed to arise from modifying the geometry of bilayer graphene systems [2] or creation of band gaps by engineering the width of graphene nanoribbons [3, 4] . On the other hand, examples regarding manipulation of the characteristics of the lattice sites are, for instance, the creation of band structures within band gaps, by engineering lattice resonators in photonic crystals [5] , or, more recently, the use of synthetic gauge fields [6] to open band gaps at the Dirac points of the honeycomb lattice [7] . Interestingly, for the latter case, a systematic strategy to design optical lattices with nontrivial topological band structures in the reciprocal space has been proposed [1] .
To design and/or analyze band structures arising from lattice systems, the Bloch's theorem plays a central role [1] because it ensures that the system can be solved for any value of the excitation quasimomentum. This theorem implies that the Bloch wave function follows the periodicity of the lattice system [8] . So, it is very suitable for analyzing extensive condensed-matter systems where steady-state excitations are usually expected. It is important to mention that the Bloch's theorem does not prevent it from considering other possible type of excitations in lattice systems. However, excitations that do not follow Bloch's theorem in regular lattice systems are unstable and therefore difficult or impossible to observe in condensed-matter systems. But this can be possible in synthetic lattice systems such as a classical laser beam propagating along an array of evanescently coupled photonic waveguide [9] [in short, photonic waveguided array (PWA)]. We note that the transverse distribution of a laser beam in a PWA can be interpreted as a collective excitation in a lattice system. In this regard, classical laser beams in PWAs have been used to mimic diverse condensed-matter phenomena as, for instance, transport and Anderson localization [10] , broken time-reversal symmetry [11] , Klein tunneling [12] , BlochZener oscillations [13] [14] [15] , topological transitions [16] , synthetic magnetic fields [17] , Floquet topological insulators [7] , frustration in optical systems [18] , four-dimensional quantum physics [19] , etc.
We have observed that in regular lattice systems, exotic spectral band structures can be theoretically predicted in the continuum approximation when the dynamics of spatially asymmetric excitations is considered. In general, these exotic band structures do not follow from the usual Bloch's theorem, so the question that arises is whether these are spectral "ghost" [20] structures or they might exist under some circumstances. The term "ghost" is used to identify an artifact of the theory that has no real physical meaning [20] . To the best of our knowledge, this question has not been systematically analyzed in the literature so far. It is worth clarifying that the spectral structures we consider here follow from the pure discrete nature of the lattice system and therefore are not related with the spectral signatures found in Ref. [21] .
Since designing nontrivial band structures has become an issue of interest not only in condensed-matter physics [1] [2] [3] [4] but also in photonics [5, 7, 21] , it is worth exploring the nature of exotic band structures theoretically predicted in regular lattice geometries. For that purpose, we consider a setup consisting of a nonlinear PWA with a transverse two-dimensional (2D) honeycomb ribbon geometry, as shown in Fig. 1 . We note that transient phenomena can be easily observed in current experimental PWA setups. We choose honeycomb ribbon geometry not only because it is similar to that of graphene nanoribbons [3, 4, 15] but also because the behavior of collective excitations is nearly 1D in this geometry [15] . Our interest is to study the band structure along the main axis of the ribbon geometry with the help of spatially asymmetric excitations. To verify the existence of these exotic spectral bands, we probe the transverse behavior of the laser beams propagating along the PWAs. Our final goal is to obtain an insight on these exotic band structures so far not considered in the literature.
The paper is organized as follows: In Sec. II, we introduce the model of the photonic ribbon in the presence of Kerr nonlinearity. In Sec. III, we show that solitonlike solutions cannot be asymmetric because asymmetric solutions are inherently unstable. In Sec. IV, we show that in the absence of nonlinearity it is possible to design spatially asymmetric collective excitations with predetermined spectral signatures. However, a frustration effect [18] appears as a result of imposing the spectral response. In Sec. V, we show that signatures of the designed spectral responses are transient in nature, therefore they can only be measured in short distances. Moreover, we show that the observation of spectral transient effects is experimentally feasible in current experimental setups of photonic arrays. Finally, in Sec. VI, a summary and conclusions are given.
II. THEORY
In the tight-binding approximation, the propagation of a laser beam in a lattice system is described by a discrete nonlinear Schrödinger equation (DNLSE) of the form [9, 17, [22] [23] [24] reading as
In Eq. (1), the function ψ N is the complex electric field of the laser field in the N waveguide. We consider that every N waveguide is evanescently coupled with the nearestneighboring N waveguides. The coupling is characterized by the coupling constant C > 0, which is measured in inverse distance units. In Eq. (1), the constant U is the nonlinear coefficient of the cubic nonlinear response. The field ψ N can be seen as a collective excitation that evolves with the coordinate z.
It is important to mention that the DNLSE Eq. (1) not only describes the dynamics of photonic lattices [22, 23, 25] but also that of Bose-Einstein condensates (BECs) trapped in deep optical lattices [22, 23, 26] . In the latter case, the coordinate z in Eq. (1) can be interpreted as time.
To describe the photonic ribbon system in Fig. 1 , it is necessary to consider the internal structure of the unit cells of the system. A unit cell consists of four coupled sites, denoted by the letters A, B, D, and E. In Fig. 1 , the unit cells are shown between the dashed lines. From Eq. (1), it is straightforward to derive the equations of motion of the unit-cell sites, i.e.,
and
for sites A, B, D, and E, respectively. Notice that the set of Eqs. (2)- (5) is periodic in the index l with a period value 2. This means that a similar set of equations describing the system is obtained under the transformation l → l ± 2n, ∀n ∈ Z. Notice that since the unit cell of the lattice system is constituted by four sites, a four-band structure is expected. However, there are always two of the four bands contributing to transport effects. In this system, the behavior of solitary waves (or solitons in short, without implying integrability of the underlying model) was studied in Ref. [15] .
Since in Eqs. (2)- (5), we are dealing with a nonlinear system, we get interested with the question whether there exist soliton solutions associated with the formation of exotic band structures. To investigate this question, in the following section we consider the problem of soliton solutions with some degree of spatial transverse for Eqs. (2)- (5). 
III. THE SOLITON SOLUTION

A. Reduction of the discrete model
To obtain soliton solutions from the system, we reduce the set of discrete Eqs. (2)- (5) 
In Eq. (6), we have neglected all nonlinear coupled terms because the coupling between neighboring waveguides is evanescent. Notice that the evanescent transfer of energy involves very low intensity values.
B. The ansatz: Example of asymmetric soliton wave
To obtain solitonlike solutions from Eq. (6), we consider a beam ansatz of the form
where χ N (z) is the envelope of the soliton, k is the Bloch wave vector, β is the quasienergy band, and r N is the transverse position of the N waveguide. The displacement vectors between the nearest-neighboring waveguides N and N is given by the expression r N = r N − r N = ±δ j , where δ j with j = 0, 1, 2 is plotted in Fig. 2 . For simplicity we consider |δ j | = 1. Here, it is convenient to define an orthonormal vector basis of the form u x = (δ 1 − δ 2 )/ √ 3 and u y = δ 0 (see Fig. 2 ). Notice that
In the present example, we consider, for simplicity, a laser light with a Bloch wave vector k = κu x , (see Fig. 2 ), where κ is the quasimomentum of the excitation. In the absence of other conditions, we can expect that the dynamics of the soliton solutions reduces to the direction of the Bloch wave vector u x , i.e., soliton solutions only depend on the index l of the lattice system (see Fig. 1 ). This implies that the soliton is symmetric in the u y direction, i.e., no explicit dependency on the index m. This is a well known problem, already considered in Ref. [15] . Here, however, we are interested in considering an asymmetry of the soliton in the u y direction because exotic quasienergy band structures are predicted by the theory, as shown in the following. Let us consider an asymmetry of the soliton ansatz by inserting, for example, an exponential factor depending on the index m in the amplitude of the envelope, i.e., in Eq. (7) we consider
In Eq. (9), the parameter ν in the exponential factor controls the degree of asymmetry, i.e., for ν = 0, the soliton ansatz is symmetric, otherwise (ν = 0) an asymmetry of the amplitude in the u y appears. In Eq. (9), φ(s) is a traveling wave envelope with s = r N − vz. The term v is a velocitylike vector that indicates the rate of change of the transverse position vs the propagation coordinate z. We can assume that the soliton moves in the same direction of the quasimomentum, so it is convenient to define φ(s) = φ(s x ), where
In Appendix A, we show that
where v l is the speed of the soliton. So, finally, the ansatz Eq. (7) can take the form
In the following, our interest is to determine the effect of the asymmetrical ansatz.
C. Analysis of the nonlinear waves: Quasicontinuum approximation (QCA)
To determine the form of soliton solutions with the amplitude asymmetry proposed in the the ansatz Eq. (12), we use the quasicontinuum approximation (QCA) [22, 27, 28] . The details of this procedure can be found in Appendix B. In particular, for the ribbon system (2)(5), the envelope solutions φ are bright [Eq. (B12)] or dark [see Eq. (B15)], depending on the value of the external parameters of the system, namely the quasimomentum κ, the coupling constant C, the damping constant ν, the nonlinear constant U , and the small detuning β defined in Eq. (B8). It is also worth remarking that the QCA allows us to calculate the quasienergy band structure β h ,
and group velocity [see Eq. (B7)] associated with the solitons. In takes the form
where β β h as discussed in Appendix B. The solution Eq. (14) hints at the impossibility of obtaining nonlinear soliton solutions with asymmetry in the u y direction. The solution Eq. (14) also implies that the only possible value for the external parameter ν is zero, so the whole dependency of the band structure [see Eq. (13)] and the group velocity on the parameter ν vanishes. Notice that the usual band structure which is obtained from a linear plane-wave analysis corresponds to the case ν = 0. At first glance, it appears that the dependency of the band structure on the parameter ν is an artifact of the theory, since the dependency is canceled out from the amplitude of the nonlinear soliton solution. However, analytical methods used to obtain soliton solutions implicitly look for stable solutions. This is because the method discards complex amplitudes [see reduction of the Eq. (B6) in Appendix B]. This suggests that asymmetric solitonlike solutions do not exist because they are unstable, which in turn suggests that the associated exotic band structures are unstable.
For that reason, we now analyze the linear problem, i.e., to determine if exotic band structures exist for linear excitations. In this situation, we relax the conditions of our problem since we do not expect the linear solutions to be stable. In the absence of nonlinearity (U = 0), it is straightforward to show that an asymmetry in the initial ansatz does not vanish when obtaining linear solutions in the QCA. In particular, for an asymmetric exponential factor similar to that in Eq. (9), the dependency on the parameter ν = 0 is not canceled out in the QCA analysis. It is also straightforward to show that the dependency of the band structure on ν = 0 remains (see Fig. 3 ).
Here, the question that emerges is whether the band structures for ν = 0 is a ghost [20] structure or it might exist under some circumstances.
The aim of the rest of this paper is to give an answer to this question and to determine whether signatures of these band structures may be measured in the dynamics of propagating laser beams. 
IV. TRANSIENT BAND STRUCTURES
For the sake of simplicity, let us consider the asymmetric ansatz Eq. (12), but in the absence of nonlinearity, i.e., U = 0 in Eqs. (2)- (5). Notice that the analysis of the linear case facilitates to differentiate effects shown here from other exotic nonlinear band effects already discussed in the literature [23] .
Due to the asymmetry of the ansatz Eq. (12), in the linear case, we cannot expect steady state solutions. This suggests that if there exist laser beams exhibiting exotic dispersive signatures, they are not stable. In other words, we can expect that exotic spectral signatures last for very short propagation distances in PWAs. For that reason, we call them transient band structures which depend on the propagation coordinate z.
In what follows, we explore the feasibility of generating transient band structures in ordinary PWAs [9] . To study the behavior of the excitations, we solve numerically Eqs. (2)-(5) using Heun's method [29] . We consider open boundary conditions at the lattice extremes and an integration step size, z = 10 −6 , along the z coordinate. Our interest is to look at the evolution in the propagation coordinate z of the quasienergy, i.e., β = β(z). This can be obtained from the Floquet relation, ∂ z ψ l,m (z) = iβψ l,m (z), i.e.,
where indicates a complex conjugation [18, 22, 23] .
A. Signatures from symmetric excitations
To check the existence of the transient bands, we start with the ansatz Eq. (12), where the envelope φ is chosen to be a sech function, i.e.,
Here, the constants A and W are the amplitude and the width of the wave packet, respectively. In particular the width is chosen to extend over several lattice sites, i.e., W 20.
To proceed, we numerically solve Eqs. (2)- (5) where the initial condition is obtained from the ansatz (12) at some fixed initial propagation distance z = z 0 . This initial propagation distance corresponds to the place where the beam is launched into the photonic array. For simplicity and without loss of generality, we assume z 0 = 0.
In Fig. 4 , we show the quasienergy β band measured at a very short propagation distance, i.e., z = 5 × 10
This band is compared with the harmonic quasienergy band structure, predicted by the theory in Eq. (13) (see also Fig. 3 ).
In the panels of the figure, two cases are considered, namely ν = −4 and ν = 1. For ν = −4 ( Fig. 4 left panel) , we observe that the quasienergy β measured in the numerical simulations match very well sections of the upper (0 < κ < π/2) and lower (π/2 < κ < π) harmonic bands β h . This result is encouraging since theory and simulations partially agree for ν = 0. However, for the case ν = 1 (Fig. 4, right panel) , except for the intersection point with the lower band (red dashed line), a complete mismatch between the quasienergy structures β and β h is observed. The origin of this mismatch is due to the fact that the initial condition, which is given at some fixed initial propagation distance z 0 value, does not provide information about the quasienergy or velocity of the excitation. Usually this information is stored in the in the z behavior of the ansatz Eq. (12). This fact can be observed, for instance, when z = 0 in the ansatz Eq. (12) . In this case, the information about the quasienergy β and the velocity v l vanish from the initial condition.
B. Designing initial conditions
To design a better initial condition, the information of β h and velocity should remain after setting z = 0. Notice, for instance, that in other physical systems, such as those described by Newton-like equations, not only position but also velocity can be introduced in the initial conditions due to the presence of higher order derivatives in time in the equation of motion. This suggests that we should include information of higher derivatives in z into the initial condition. However, the propagation of classical light along photonic arrays is described by first-order differential equations in z, as shown in Eq. (1). To solve this issue, we note that the information stored in higher order derivatives in the z coordinate of the field can be introduced in the initial condition by inserting phase shifts between the fields of nearest-neighboring waveguides. In principle, these phase shifts can be designed on demand by customizing the propagating laser beams.
To design the initial condition, we make a distinction between fields propagating in the sites of the unit cell (see Fig. 1 ) as follows: ψ A,n = ψ l+1,m+1 , ψ B,n = ψ l+2,m+1 , ψ D,n = ψ l+2,m , and ψ E ,n = ψ l+1,m , where n numerates the unit cells in ascending order. Here, it is convenient to consider Eqs. (2)- (5) because the relations between the different fields are explicitly given. In matrix form, Eqs. (2)- (5) are given by the expressions
where ψ X (X = A, B, D, E) are vectors whose components are the fields ψ X,n arranged in ascending order of the index n. In Eqs. (17)- (20), the matrices N |ψ X | are diagonal matrices whose elements are the intensities |ψ X,n | 2 . Finally, the matrices M 1 and M 2 coupled the different fields and are defined in Appendix C. In the absence of nonlinearity (U = 0), in principle, we can determine the different components of the vectors ψ X (X = A, B, D, E) by imposing an ansatz with some tailored band structure. For that purpose, the field ψ A and its higher derivatives in the coordinate z can be defined from the ansatz Eq. (7). It is not necessary to make any special assumption about the shape of the envelop χ N [see Eq. (7)]. However, a bell-like shape envelop, with exponentially decaying tails, is desirable to measure the group velocity of the wave. For simplicity, we consider the envelope shape similar to that in Eq. (12), but without an explicit dependency on the coordinate m, i.e.,
Here, the values for the amplitude A and the width W are the same as for Eq. (16). Since we are dealing with a linear case, we set β = β h , where β h is given in Eq. (13) . On the other hand, the velocity v l can be calculated from Eq. (B7) or by deriving β h with respect to the quasimomentum κ. Next, we sample this ansatz in the A sites (see Fig. 1 ) to obtain the ψ A . From Eqs. (17)- (19), with U = 0, it is straightforward to obtain expressions for the other fields, i.e., Here, it is important to remark that since the different fields can be calculated from higher derivatives of the field ψ A , explicit information of the quasienergy band and group velocity of the excitation can be inserted through the ansatz in the initial condition. However, there is a price to pay for imposing a predetermined band structure. Geometrical frustration effect emerges, as a result of the the impossibility to satisfy the equations of motion of all sites in the system [18] . In fact, when obtaining Eqs. (22)- (24), Eq. (20) was not considered. Therefore, the field expressions given in Eqs. (22)- (24), in general, do not satisfy Eq. (20) when a tailored band structure does not match the harmonic band structure β h with ν = 0 given in Eq. (13) (see Fig. 3 ). This frustration effect is unavoidable; however, the fields can be designed such that frustration emerges first at one ribbon edge. For example, in the expressions Eqs. (22)- (24), the frustration effect is designed to emerge at the edge sites labeled with the letter E in Fig. 1 . Notice that the presence of frustration in the system implies that the solutions in sites E are unstable. This unavoidable instability in the long term destroys the band structure. This is the reason why we describe them as transient. 
V. RESULTS
An example of the behavior along the propagation coordinate z of transient band structures measured in the A, B, D, and E sites is shown in Fig. 5 . This example follows from a series of numerical simulations and corresponds to the case ν = 1 in expression Eq. (13), already considered in the right panel of Fig. 4 . Figure 5 consists of a matrix of snapshots showing the behavior of the measured band structure β [see Eq. (14)] in the A, B, D, and E sites (columns) at particular propagation distances z (rows). The initial (z = 0) field shapes follow from Eqs. (22)- (24) .
In contrast to the initial mismatch observed in Fig. 4 (right panel), in Fig. 5 the band structure β from numerical simulations (solid line) measured in the A, B, D sites match well with the positive band β h (blue dotted line) at very short propagation distance z = z 0 = 5 × 10 −4 C −1 (C is the coupling constant). However, the band structure β measured at the E sites does not agree with that of the ansatz. Here, it is worth clarifying that, though this is a significant disagreement, the β values in the E sites are needed to achieve the good initial agreement in the other sites.
As the beam propagates, we observe in Fig. 5 for z = z 1 , z 2 , and z 3 that the measured band structure β in the sites gradually distorts as the initial field ψ E disperses through the lattice. Here, it is interesting to note that the band structure measured in the A sites is the last one to be distorted. This suggests that lattice ribbons with a higher number of sites in the unit cell can support transient bands for larger propagation distances, since the distortion on one edge of the ribbon requires a larger propagation distance z to reach the other ribbon edge.
In Fig. 6 , we show the measured velocity distribution in κ of the fields. To calculate the velocity distribution, for a given κ value, the position of the solitary waves is determined by looking at the position of the envelope maximum. We observe that in the same form as in the band structure, the velocity of the fields in sites A, B, and D match very well the form of the expected group velocity distribution given by Eq. (B7). However, for sites E, an important discrepancy is observed. As it happens for the band structure in Fig. 5 , the velocity distribution in the E sites is required to achieve the good initial agreement in the other sites. We observe also that as the beam propagates, the velocity of the other sites gradually distorts. The velocity distribution in the A sites is the last one to be distorted. So far, we have discussed the emergence of transient band structures from asymmetric excitations such as the solitary wave introduced in Sec. III. However, the procedure designed to obtain field expressions for the different sites of the unit cell, i.e., Eqs. (22)- (24), is more general. In fact, we can design any transient band structure with a shape beyond what can be achieved by any lattice geometry. Of course, in most of the cases, the solutions delivered by Eqs. (22)- (24) are asymmetric. Therefore, these solutions are in general unstable. An example of an exotic band structure is shown in Fig. 7 . In this example, we have imposed an ansatz with an exponential band structure of the form
We observe in Fig. 7 that the behavior of the measured band structure β, in general, is very similar to that observed in Fig. 5 . However, it is interesting to notice that the band structure measured in the B sites is rapidly distorted in comparison to that measured in sites D. This behavior is due to the asymmetry of the imposed band structure in the first Brillouin zone, 0 κ π . As in the previous example, the band structure measured in sites A are more slowly distorted than in the other sites. For the sake of completeness, in Fig. 8 we show the behavior of the excitation velocity distribution in κ. This behavior is compared with the group velocity associated with the band structure β in Eq. (25) . We observe that this velocity distribution also shows similar trends as those observed for the band structure in Fig. 7 . With respect to the experimental feasibility of measuring transient band structures in photonic lattice devices, undoubtedly, the most important issue will have to be addressed is the design of the input laser beams. Signatures of transient bands may be possible to observe for instance in a photonic setup similar to that proposed in Ref. [13] in which the laser wavelength in vacuum λ = 0.532 μm, the bulk refractive index n 0 = 2.35, and the separation distance between waveguides d = 20 μm. Notice that in the continuum approximation, the coupling constant C in Eq. (1) can be approximated by the
So, for the setup proposed in Ref. [13] , we obtain C −1 = 2.23 cm. From this value, we can determine the coupling length z C = πC −1 /2 = 3.5 cm [9] . z C is the distance after which the energy is completely exchanged between guides.
In Fig. 9 , we show the behavior of the correlation between the shapes of the measured band structure β and the initial band structure β h imposed in the ansatz. The correlation measures the degree of distortion of the evolving β shape with respect to the initially imposed β h . The upper and lower panels in Fig. 9 correspond to the behavior of the examples shown in Figs. 5 and 7, respectively. We observe that correlation values in the upper panel are very high (close to one) for 0 cm z < 1.3 cm. For larger distances, correlation values rapidly decrease, although the correlations for B and D sites decrease slower than that of the A sites. This behavior is in agreement with results observed in Fig. 5 . In the lower panel of Fig. 9 , we observe that the correlation value of the A sites remain closer to one for a larger propagation distance (0 cm z < 2.5 cm) than in the other sites.
In general, we observe that the dynamics associated with the transient bands takes place within the first coupling length. For larger propagation distances, the dynamics is governed by the geometry of the lattice, i.e., the usual band structure for steady-state solutions (solid lines in Fig. 3) dominates the dynamics.
Finally, it is worth mentioning that the presence of a perturbative nonlinearity [U = 0 in Eqs. (17)- (20)] does not significantly change the results described above.
VI. SUMMARY AND CONCLUSIONS
We have explored the physical nature of exotic bandlike structures that can be analytically predicted for spatially asymmetric excitations in regular lattice ribbons. The shape of these exotic band structures can be very different from the usual harmonic band structure, which in turn follows from simple plane-wave analysis. To to the best of our knowledge, this type of exotic spectral structure in lattice systems has not been systematically studied in the literature. For our paper, we have considered classical laser beams propagating along an array of evanescently coupled photonic waveguides with honeycomb-ribbon-shaped geometry in the transverse cross section. In the presence of Kerr nonlinearity, solitonlike solutions can be obtained by simple integration from the lattice system by using a QCA.
By using this method, we have shown that spatially asymmetric solitonlike solutions cannot exist in the regular lattice. This means that asymmetric excitations are inherently unstable. For that reason, we have resorted to the linear case, which is in general unstable. In this latter case, we have implemented a method to obtain excitations associated with exotic band structures. This method makes a distinction between the fields in the different lattice sites that form the unit cells of the system. So, in general, solutions obtained here are spatially asymmetric. We have shown that indeed we can impose a designed spectral response; however, an unavoidable frustration effect appears at one of the ribbon edges, which in turn makes the system unstable. In numerical experiments, we have measured the evolution of the quasienergy and group velocity of designed excitations along the propagation coordinate. We have observed transient signatures of the designed spectral response in most of the ribbon sites. In particular, at the edge, opposite to that where frustration appears, the transient spectral response takes large propagation distances. It remains an open question whether, in other transverse geometries, the number of unit-cell sites significantly influences the ratio between the distance in which the transient behavior takes place and the coupling length.
In general, the results found above allowed us to conclude that exotic band structures, analytically predicted for asymmetric excitations in regular lattice ribbons, exist in the discrete approximation. These spectral structures are of transient nature, can be designed, and, in principle, can be measured in current experimental photonic setups. 
APPENDIX A: POSITION AND VELOCITY VECTOR
The definition of the position vector for the lattice sites of the honeycomb geometry is given by the expression
In Eq. (A1), indexes l and m numerate the sites of the lattice (see Fig. 1 ) and unit vectors δ 0 , δ 1 , and δ 2 are plotted in Fig. 2 . Notice that the origin (l = m = 0) of vector r N is located in a D site (see Fig. 1 ). In terms of unit vectors u x and u y , vector position r N takes the form
Besides, the vector velocity is given by
so the position of an excitation in the moving frame with velocity v reads as
The expression Eq. (A4) is general for any localized excitation in a 2D honeycomb lattice. However, for the honeycomb ribbon plotted in Fig. 1 , we consider that the excitations move along the ribbon, so it is convenient to define
From Eqs. (A2) (A3), and (A5), it is straightforward to show that
where l has been regarded as a continuous variable, so that
APPENDIX B: SOLITON SOLUTIONS OF THE RIBBON
In this Appendix, we apply the QCA [22, 27, 28 ] to obtain solitary-wave solutions from Eq. (6) . For that purpose, we use the full Taylor expansion of the functions ψ l±1,m , ψ l,m±1 = exp(±∂ l ), exp(±∂ m )ψ l,m±1 , where l and m are regarded as continuous variables. So, Eq. (6) is transformed into a differential operator equation [22, 27, 28] , which, after inserting the ansatz Eq. (12), the transformation ∂ l → ∂ s l + κ takes place. Here s l is the position coordinate in the moving frame and it is defined as s l = l − v l z. By Fourier transforming in the s l coordinate, the differential operator equation becomes 
To obtain real solutions from Eq. (B6), we impose the coefficient α 1 to be zero [22, 27, 28, 30] . From that operation we obtain the relation v l = 8βC 2 sin(κ ) cos(κ ) β 2 + 4C 2 cos 2 (κ )
.
On the other hand, in the absence of nonlinearity (U = 0) and for a constant φ [harmonic (h) solution], we obtain that α 0 = 0. In this limiting case, we obtain the relation of the harmonic band structure β h given in Eq. (13) . The relation Eq. (B7) is satisfied when β = β h , given in Eq. (B8). This means that the solitary waves move with the harmonic group velocity.
In the presence of nonlinearity (U = 0), the quasienergy value β in Eq. (12) is slightly perturbed from the harmonic case, i.e.,
where β is a small detuning that follows the condition | β| |β h |. In general, for a perturbative nonlinearity, β h is a good approximation of β, i.e., β β h .
Under the condition α 1 = 0, Eq. (B6) becomes a real second order-differential equation which can be reduced to first order by integrating by parts. So 
By explicitly integrating Eq. (B10), we can obtain two types of soliton solutions depending on the asymptotic behavior of the solution. We can define the integration constants of the procedure [30] such that for 
we obtain the bright-soliton envelope solution, i.e.,
where α 0 α 2 < 0 and U α 0 > 0. In the same way, for 
